
Exercise 1
Coherent state of a harmonic oscillator

Verify that the wave function

Ψ(x, t) = C exp

(
−α(x− x0 cosωt)2 − i2αxx0 sinωt+ i

αx20
2

sin 2ωt− i
ωt

2

)
with

α =
mω

2~
satisfies the Schrödinger equation for a harmonic oscillator with frequency ω,

i~
∂Ψ

∂t
= − ~2

2m

∂2Ψ

∂x2
+
mω2x2

2
Ψ .

Quantum Physics Corner page 1 of 2



Quantum Mechanics: Elementary Concepts Exercise 1

Solution

Substituting Ψ in the left-hand side of the equation, we obtain

i~
∂Ψ

∂t
= i~

(
−2α(x− x0 cosωt)x0ω sinωt− i2αxx0ω cosωt+ iαx20ω cos 2ωt− i

ω

2

)
Ψ

= i~
(
−i2αxx0ω(cosωt− i sinωt) + iαx20ω(cos 2ωt− i sin 2ωt) − i

ω

2

)
Ψ

=

(
2αxx0e

−iωt − αx20e
−i2ωt +

1

2

)
~ωΨ . (1)

The first term in the right-hand side of the Schrödinger equation reads

− ~2

2m

∂2Ψ

∂x2
= − ~2

2m

∂

∂x
[−2α(x− x0 cosωt) − i2αx0 sinωt] Ψ

= − ~2

2m

{
[−2α(x− x0 cosωt) − i2αx0 sinωt]2 − 2α

}
Ψ .

Using
~2

2m
=

(
2~
mω

)
︸ ︷︷ ︸

1/α

~ω
4

=
~ω
4α

,

we have

− ~2

2m

∂2Ψ

∂x2
= −~ω

4α

{
4α2 [x− x0 cosωt+ ix0 sinωt]2 − 2α

}
Ψ

=

[
−α
(
x− x0e

−iωt)2 +
1

2

]
~ωΨ

=

(
−αx2 + 2αxx0e

−iωt − αx20e
−i2ωt +

1

2

)
~ωΨ . (2)

The second term in the right-hand side of the Schrödinger equation can be written as

mω2x2

2
Ψ = α~ωx2Ψ . (3)

Comparing Eqs. (1), (2) and (3), we conclude that

i~
∂Ψ

∂t
= − ~2

2m

∂2Ψ

∂x2
+
mω2x2

2
Ψ .
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