EXERCISE 9
Derivation of Heisenberg’s uncertainty principle

Consider a quantum particle characterized by a wave function W(z,t), and define the
following non-negative real-valued function:

f(U)z/_OO|U(56—<x>)‘1’+i(15—<p>)‘1f!2dfc-

o0

Here, 2 =z and p = —iha% are the position and momentum operators, respectively, and
(x) and (p) are the corresponding expectation values.

1. Show that the function f(u) can be written as
f(u) = (Ax)*u?® — hu + (Ap)?,

where (Az)? = (2%) — (x)? and (Ap)? = (p*) — (p)? are the uncertainties in the
particle’s position and momentum.

2. Then, show that the non-negativity of f(u), i.e. the condition that
f(u) >0 forall u,

implies that Az and Ap fulfil the Heisenberg uncertainty relation,

h
AxAp > 5

h Quantum Physics Corner page 1 of 3



Quantum Mechanics: Elementary Concepts Exercise 9

Solution
1. The integrand can be transformed as
fu (@ = (2) W+ (p— (p) VI

w(z — ()0 +i (-m(% - <p>) v

2

u(x — (z)) ¥+ ﬁaa—\p —i(p) v

_ (u (& — () U +h8;;* +i<p>\lf*) (u (x — () T +hg—‘i’ - i(p>\11)
— (o= )P |0 + [0y — it 2

+ue = (z) 0 (hg—i —W) 4 <ha;: +W*> (= () U
— w2 (z — ()P0 + ’hg—i itove| e — ) 8’;'2 |

Then, for the function f(u), we have

flu) =2 | (o - (2))? | U]Pda

+oo 2
+uh/ (z — (z)) a'%ﬁ'dx
400 O . 2
+ /OO ‘ﬁg —i(p)W| dz. (1)

Clearly, the first integral in Eq. (1) is nothing but (Az)?:
+oo
/ (z — (x)? |¥]2dz = (Ax)?.

The second integral in Eq. (1) is evaluated using integration by parts and the nor-
malization condition:

/_*00 (z — (7)) aglfdx_ —/_%OWI‘I/FM_ —/+OO\\1/|2dx_ 1

oo o0 —00
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The first integral in Eq. (1) equals (Ap)?. Indeed,
/ ‘ha—q’ —ilp)w
( N iy ) (h‘g—‘l’ —ilp >x1/) do

+oo aqf* | fo ow

e (h% —i(p )\I/> dx + /_OO i(p)V (ha— - z(p)q/) dx

oA
[
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[

2
dx

S (i) (120 i)
Ty <_m— - <p)> (—mg—‘l’ - <p>xp) dz

o0

U (p— (p)* Vda

(e}

= (Ap)?

Finally, replacing the three integrals in Eq. (1) with (Az)?, —1 and (Ap)?, respec-
tively, we obtain

f(u) = (Az)*u” — hu + (Ap)*

2. Competing the full square,

f(u) = (Az)*u? — hu + (Ap)?
o\ 12
= (Ar)? (u— = Ap)? — ———.
(80 (4 ) + O~ g
This expression is non-negative for all u if and only if
2

(AP)Q—ZL(Z—@QZO-

Since Ax and Ap are themselves positive, the last inequality is equivalent to the
Heisenberg uncertainty principle,

AxAp

vV
[N~
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