EXERCISE 14
Determining expansion coefficients from the initial
wave function

Consider a one-dimensional quantum system with stationary states

Vi), a(z), ¥3(x), ...

All stationary states are properly normalized:

400
/ [ (z)|? dz =1 for all n.

Suppose that the energies of these stationary states are all different and, for concreteness,
are arranged in the ascending order:

E1<E2<E3<...

1. Demonstrate that all stationary states are mutually orthogonal, i.e.

“+o00

2. The completeness property of the stationary states, combined with the linearity of
the Schrodinger equation, guarantees that any time-dependent state of the system,
U(z,t), can be represented as a superposition of the stationary states:

U(x,t) = Cl¢1(x)€—iE1t/ﬁ, + Csz(x)e—iEgt/h + 03¢3(x)€—73E3t/h +o

Show that the expansion coefficients ¢y, ¢o, c3, ... can be determined from the initial
wave function W (z,0) as follows:

Cp = +00 Yo ()W (x,0)de.
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Solution

1. Consider an arbitrary pair of stationary state wave functions, ¥ (z) and ,(z),
with k£ # n. The wave functions are solutions to the time-independent Schrédinger

equation:
n d*y(x) _
h? d*yn(x) _
~ o T V(@)Yn(2) = Entpa(2). (2)

Complex conjugating Eq. (1) and then multiplying both sides by ¥, (z), we get

IR A

oz Un(@) + V(@)U (@) dn(2) = Bkt (w)n ().

Integrating both sides over x, we obtain

hQ 400 d2w*<$> 400 . B +00 )
—5 /oo d;;Q Yn(z) d:v+/ V(z)p(x)n(z) de = E, Vi (2) Y (z) da

Then, multiplying Eq. (2) by 5 (z),

d%n( )

@Dk( ) + V(@)p(e)n(z) = Entpp(z)in(z),

and integrating both sides over x, we get

NN T SR -
—5 N Uy () 12 dx —i—/oo V(z)p(x), () de = E, . V(@)Y (x) do
(4)

Using integration by parts (twice!), we show that the first integral in Eq. (4) is the
same as the first integral in Eq. (3):

oy () + 4y (z) dih(2)
Yia) dr = / da
oo dx? w  d d
) o)

In view of this, Eq. (4) can be rewritten as

hQ +o00 d2 * 400 Yoo
5 /_Oo 3;£I>wn($) dx —i—/ V(z)p(x)n(z) de = B, Ui(x) Y (2) do

—00 —0o0
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Now, subtracting Eq. (5) from Eq. (3), we obtain

“+o00

(Be—E) [ vi@)n(e)dz = 0.

Since, as stated in the question, Ey # E, for k # n, the last equality reduces to the
sought orthogonality condition:

+o0

() ihn(x) dz = 0

2. Multiplying both sides of the expansion
U(x,t) = clwl(x)e—uslt/h + Csz(x)e—iEgt/h + 03¢3(x)€—73E3t/h +o

by ¢} (x) and integrating them over z, we find

+00 +oo

V(@)U (2, t) de = e B0 ()b () da

L cpemtatlh / (@) (x) de

. +OO
+ cgeZE?’t/h/ Ui (x)s(z) do
+... (6)

In view of the orthogonality condition,

+0o0
Yy (x)Y1(r)dr =0 unlessn =1,

+o0o
i (x)he(z)dr =0 unless n =2,

+0c0
i (x)s(x)dr =0 unless n =3,

Therefore, only a single integral survives in the right-hand side of Eq. (6), which

leads to
+00 +oo

V() (2, t) do = cpe” P/t W () (3) da .

Subsequently, the integral in the right-hand side of the last equation equals one due
to the normalization condition:

o0 +00
[ w@u@de = [ @ =1
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This leaves us with
+oo

¢Z<I>\Ij(x, t) daj‘ — CneiiEnt/h )

Finally, setting ¢ to zero, we obtain the desired formula for the n'® expansion coef-
ficient:

N

—0o0
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