EXERCISE 21
Tunneling through a rectangular potential barrier

1. Solve the time-independent Schrodinger equation,

B Py (x) ~
o T+ V(ahble) = Eu(o)

for a particle encountering a rectangular potential barrier, where the potential func-
tion is given by

Vo if —a<z<a

V(z) = {

Consider the scenario in which the particle’s energy is less than the height of the
barrier, i.e.

0 otherwise

0< E< V.

2. Using the obtained solution, demonstrate that the probability of the particle tun-
neling through the barrier is given by

k2 2\ 2 -1
T = cosh2(2k’a)+( TRE ) sinh2(2k’a)] :
where
2mE 2m(Vy — F
k= ;” and K — m(ho ).

3. Show that if £'a > 1, or, equivalently, if
2
Vo—E>——
0 > 2ma?’

the formula for the tunneling probability can be approximated by

FE FE 4a
T~16—(1—- — ——/2 —F) .
iz (1-4: ) e (- V- B)

This approximation explicitly shows the exponential sensitivity of the tunneling
probability to the barrier width, which forms the basis for the operation of the
scanning tunneling microscope (STM).
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Solution

1. Let us consider separately three spatial regions: < —a, —a < x < a, and x > a.

For the Schrodinger equation reads

B & (x)
“om dez 2V
. P (2)
X
where
2mkE
b=

The general (up to an overall constant multiplier) solution can be written as
w(w) — eik:r + Befik:p. (1>

Here, just as in EXERCISE 19, the amplitude of the incoming plane wave is chosen
to be one. The amplitude B of the reflected plane wave is yet to be determined.

For the Schrodinger equation reads

n? d*y(x
—%% + Vou(z) = Evd(z),
" Py(a)
x
o k(@) =0,
where
L 2m(Vy — F)
- .
The general solution is
(z) = Ce + De™7, 2)

where C' and D are some yet-unknown constants.

Finally, for the Schrodinger equation again assumes the free-particle form,

d*y(z)

dx?

+ k() = 0.

Keeping only the outgoing plane wave, propagating from left to right, away from
the potential barrier, we have '
b(w) = Fee. 3)
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Here, F'is the transmission (or tunneling) amplitude that remains to be determined.

The amplitudes B, C, D, and F' are determined by ensuring that the function ()
remains smooth across the entire z-axis. To achieve this, we must impose matching
conditions that guarantee the continuity and differentiability of ¢(z) at x = —a and
r =a.

At we have

{ Y(—a —0) = ¢(—a+0) { e~ 4 Beike = Ce~We 4 Do
-

%(—a —0) = %(—a +0) ike~ha _ ik Beike = k'Cle=Ka — |/ Dek'a

As in EXERCISE 19, we add —0 (respectively, +0) to the argument of a function to
indicate that the function is evaluated immediately to the left (respectively, to the
right) of that point.

At we have

1/)(& — O) = w(a + 0) . Cek’a + De*k’a — Fetka
(g 0) = % (g +0) K Cek'a — k' De % = jfFetka

In summary, we obtain the following system of four linear equations that determine
B, C, D, and F:

_ekap 4 oHao | Kap _ oika (4)

ike™ B + K'e " C — KeF*D = ike ™ (5)

0 +eMD — e =0 (6)

KeH*C — ke ™¥*D — ike™F =0 (7)

This system can be solved using any standard method, such as straightforward

elimination. The result is given by
B = —i (K* + 1) sinh(2Wa)e 27 (8a)
C = k(K +ik)e ke —thay (8b)
D = k(K — ik)eF'a=ikay (8¢)
F = 2kk e ka7 (8d)

with
1

7 = :
2kk’ cosh(2k'a) + i (k> — k?) sinh(2k'a)

Equations (1), (2), (3), and (8) constitute the solution to the Schrédinger equation
for £ < Vj.
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2. The particle’s energy is lower than the barrier height. Classically, there can be no
transmission through the barrier. Quantum mechanically, however, the transmission
probability (in this context referred to as tunneling probability) can be non-zero.
The transmission (or tunneling) probability is determined by the squared modulus
of the transmission amplitude,

T =|F|?
— |2kk/e—i2kaz|2
A
4k2E"”
4k2k” cosh®(2k'a) + (k" — k2)2 sinh?(2k’a) ’

or

T 1
= 2
cosh?(2k'a) + (kz;,f,ﬂ) sinh?(2k’a)
3. If ¥a> 1, then
1 ’ ’ €2kla
h Zk/ I ( 2Kk'a —2K'a ~ ,
cosh(2k'a) G +e 5
1 ’ ’ ezk/a
: h2k/ :_(Qka_ 72](?0,)2
sinh(2k'a) AG e 5

and, consequently,

- de~HHa de~4Wa ( AkK' )2 e
~ 5 = 7 = 3| € .
k2 — k2 k24 k"2 k2 + K/

() ()

Expressed in terms of energy E, the tunneling probability reads
2
E(Vo — E) 4a
T ~ ——/2m(Vy — FE
<E+<VO—E>) o (VT )

E E 4a
Te~16—(1—— —=2m(Vo— E
iz (1- 12 ) o (- veme - B)

or
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