EXERCISE 2
An example of using the Born rule

The time-dependent probability density of a particle performing harmonic oscillations is

given by
W (z,1)]? = me exp (—@(x — Coswt)2> :
mh h
Find the probability P(t) to find the particle inside the spatial interval
\/T \/T
—NA— < xT <3 —.
mw mw

Sketch and discuss the function P(t) in the following two parametric regimes:

(a)

h
0<zp< | —,
mw
(b)
h
To > .
mw
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Solution

Let’s define a length scale a as

h
a=4/—
mw

Then, the probability of finding the particle between —a and «a is given by

¢ 1 @ 1 1—-=2 coswt
P(t) = / |\IJ(.CE,t)|2 dr = ﬁa/ e—(x—xo COSUJt)Q/aZd:E _ ﬁ e_“2du_

Using that the fact that the function e=* is even, P(t) can be rewritten as follows:

1 l—g%ocoswt
Pt):—/ _“du+—/ e du
\/_ 7—Ocoswt

_—coswt 1+ 0 coswt
e~ du + —/ e du.
-7

In terms of the error function

—l—z—ocoswt

2 /z 2
erf z = — e “du,
VT Jo

we arrive at the following expression for the probability:

1 1
P(t) = Zerf <1 _To COS wt) + —erf <1 + o Coswt>
2 a 2 a

Now, let’s consider the following two parametric regimes.

(a) If 0 < wy < a, the quantity € = %2 coswt is small compared to 1. Hence, we can use
the Taylor approximation of P(¢) around € = 0. We have

p 1 £ 2¢ 2¢2 n +1 F1 4 2¢ 262 i
~ —[|erfl— — o — [ er — o
2 e\/T ey 2 e\/T ey

2¢?

e/’

~erfl—

or

2 ZTo 2
P(t) ~erf1— (—) cos® wt .
(®) ey/T \ a
The last expression shows that P(t) exhibits simple sinusoidal oscillations in time.

In this parametric regime, a significant portion of the wave packet remains consis-
tently confined within the region between —a and a. Only the tails of the wave
packet extend beyond this region, periodically leaving and re-entering it, leading
to sinusoidal oscillations in the probability function. Figures 1 and 2 illustrate the
function P(t) for the case where z¢/a = 0.1.
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Figure 1: Probability P as a function of wt for z¢/a = 0.1.
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Figure 2: A close-up of Figure 1.

(b) If zp > a, the wave packet starts off outside the interval between —a and a. As
time progresses, its center oscillates within the parabolic potential well between the
turning points at —zy and zy. Most of the time, the wave packet remains outside
the (—a,a) interval, causing P(t) to be zero for the majority of the time. Only
during the brief moments when the wave packet passes through the origin does P(t)
exhibit nonzero values. Figure 3 illustrates the time dependence of P for the case
where xy/a = 10.
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Figure 3: Probability P as a function of wt for zy/a = 10.
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