EXERCISE 6
Mean momentum of a particle
with a real wave function

Show that if a particle’s wave function W(x,t) is real at a particular time ¢, then the
expectation value of the particle’s momentum at that time is zero.
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Quantum Mechanics: Elementary Concepts Exercise 6

Solution

The expectation value of the particle’s momentum is given by

(p) = —m/m A (1)
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Doing the last integral by parts, we have
T—r—400 +oo ov*

— / v dx) )
T——00 — o0 ox

As the probability density U*¥ = |¥|? decays to zero as ¥ — +o0, the first term inside
the parentheses vanishes. Hence,

(p) = ih/joo \11(9‘11* dx . (2)
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(p) = —ih (qnp

Equations (1) and (2) hold true for any wave function W.
Now, let us take into account that, as stated in the problem, ¥ is real-valued, i.e.

U=y,

Then, Eq. (1) becomes

LT 0
(p) = —zh/ \I/% dx ,

while Eq. (2) reads

+o0
(p) = zh/ \I/g—i dz .
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Comparing the last two equations, we find that

or
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