
Exercise 13
Temporal oscillations in a superposition of two

stationary states

A particle of mass m confined to a box of width L is in a state Ψ, represented by a
superposition of the ground state (n = 1) and first excited state (n = 2):

Ψ(x, t) =
1√
2

(
ψ1(x)e−iE1t/~ + ψ2(x)e−iE2t/~

)
,

where

ψn(x) =

√
2

L
sin
(nπx
L

)
is the spatial part of the nth stationary state, and

En =
n2π2~2

2mL2

is the corresponding stationary state energy.

1. Show that the probability density of the particle is given by

|Ψ(x, t)|2 =
ψ1(x)2

2
+
ψ2(x)2

2
+ ψ1(x)ψ2(x) cos

(
E2 − E1

~
t

)
.

2. Suppose the particle is an electron (m = 9.11× 10−31 kg) and the width of the box
is L = 1 nm. What are the frequency and period of the temporal oscillations in the
probability density?

3. Verify that Ψ(x, t) is normalized to unity.
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Solution

1. Using the fact that the functions ψn are real for all n, we write

|Ψ(x)|2 = Ψ∗(x)Ψ(x)

=
1√
2

(
ψ1(x)eiE1t/~ + ψ2(x)eiE2t/~

)
× 1√

2

(
ψ1(x)e−iE1t/~ + ψ2(x)e−iE2t/~

)
=

1

2

[
ψ1(x)2 + ψ2(x)2 + ψ1(x)ψ2(x)

(
ei(E1−E2)t/~ + ei(E2−E1)t/~

)︸ ︷︷ ︸
2 cos
[
(E2−E1)t/~

]
]
,

or

|Ψ(x, t)|2 =
ψ1(x)2

2
+
ψ2(x)2

2
+ ψ1(x)ψ2(x) cos

(
E2 − E1

~
t

)
2. The oscillation frequency of the probability density is given by

ω =
E2 − E1

~

=
1

~

(
22π2~2

2mL2
− 12π2~2

2mL2

)
=

3π2~
2mL2

.

Substituting ~ = 1.05× 10−34 kg m2 s−1, m = 9.11× 10−31 kg, and L = 10−9 m, we
get

ω = 1.71× 1015 s−1 = 1.71 PHz .

Then, the oscillation period is

T =
2π

ω
= 3.68× 10−15 s = 3.68 fs .

3. For the normalization integral, we have∫ L

0

|Ψ(x)|2 dx =
1

2

∫ L

0

ψ1(x)2 dx+
1

2

∫ L

0

ψ2(x)2 dx

+ cos

(
E2 − E1

~
t

)∫ L

0

ψ1(x)ψ2(x) dx .
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The first two integrals equal one, as they are the normalization integrals for the
ground state and the first excited state. Hence,∫ L

0

|Ψ(x)|2 dx = 1 + cos

(
E2 − E1

~
t

)∫ L

0

ψ1(x)ψ2(x) dx .

Then, since∫ L

0

ψ1(x)ψ2(x) dx =
2

L

∫ L

0

sin
(πx
L

)
sin

(
2πx

L

)
︸ ︷︷ ︸

1
2
cos( 2πx

L
−πx
L )− 1

2
cos( 2πx

L
+πx
L )

dx

=
1

L

∫ L

0

cos
(πx
L

)
dx− 1

L

∫ L

0

cos

(
3πx

L

)
dx

=
1

π
sin
(πx
L

)∣∣∣x=L

x=0︸ ︷︷ ︸
0

− 1

3π
sin

(
3πx

L

)∣∣∣∣x=L

x=0︸ ︷︷ ︸
0

= 0 ,

we end up with ∫ L

0

|Ψ(x)|2 dx = 1
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