EXERCISE 18
Free-particle Gaussian wave packet

The general expression for the wave function of a free particle is given by

U(at) = \/%_ﬁ /_:o 6 (k) exp {zk (:c - %t)} k.

Suppose the function ¢(k) has a Gaussian form:

o1 o[£ 6-7)]

Here, p and o > 0 are real parameters.

1. Substitute ¢(k) into the general expression for ¥(z,t) and evaluate the k-integral
to demonstrate that

1 1 pt\°  px p*t
V(z,t) = ———— - - = — — 4
(%) T Jag P [ 2002 (:p m) L Z?hm] ’

where

ht

a=1+1 5 -
mo

2. Verify that ¥(z,t) is normalized to unity.

3. Calculate the expectation values of the particle’s position and momentum, (x)
and (p).

4. Calculate the corresponding uncertainties, Az and Ap. Explicitly confirm that the
product of the uncertainties is consistent with the Heisenberg uncertainty principle.
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Solution

1. Substituting ¢(k) into the general expression for W(x,t), we have

1 teo o [ o? P\2 _ hk
U(z,t) = \/%/;oo i1 OXP _—? (k_ﬁ> 1eXp {zk (x—%t)} dk

1 [o [T [ o2 P\2Z . hk
= %/_Oo exp _?<k_ﬁ> +zk<x—%t>] dz .

/

The argument of the exponential in the last expression can be rewritten as
2

g 2 2p p . Nt
Z:——(k —%k+ﬁ)+zkx—z%k

o? ht a’p o?p?
=——11 k> — +x | k— )
2 ( +m02) +( h +m) 2n2
—_——

«

Consequently,

1 o +o0 oo (72]? . (72]72
U(x,t) = YR /%/OO exp [—Tk‘2+ (7+m) k— T ] dx .

Using the integral

+oo
/ e~ T gy — \/Eeb%m (Rea > 0),
o a

we get

2
U2 .
1 o | 2m (Tp + m) o?p?
= /= ex —
4\ 27\ ao? P 20002 2h2
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The argument of the exponential function can be rewritten as

1 t pt o\’ op?
S N O N N AN
2002 m m h 2h2

1 pt  o’p . ht 2 o?p?
=—— |z ———i— ([ 1+14 —
2002 m h mao? 2h2
~— —

i r .p°t o 1) o
— —i1—+ (a —

m ——— 2h?
iht/mo?

°t ht o’p®
PR L) L L L
m h mh mo? 2h?2

Finally, substituting W into Eq. (1), we arrive at the desired expression for the
particle’s wave function:

1 1 pt 2 px p*t
‘y t - - _ _ ._ _ .
(1) A Jao P [ 200 (x m> L Z2hm]

2. The probability density of the particle is given by

|U(z,t)|? = U*(x,t)¥(z, 1)

1 L (1, 1 pt\?
=———exp|l-——|(—F+— )|z ——
ovTata P 202 \av o m
a+aof pt 2
——— | — — .
2|af?0? m

a4+ ox =2,

1
= Vetale

Since
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we have

SRS SRS B S A . ?
O = Falo p[ o m)] 2

Then, the normalization integral reads

400 1 +o0 1 pt 2
U(x,t)}dr = —=—— (=2 | 4
J . werar= e | e"p[ ao? (x m) !

1
= VAl VT

=1.

Therefore, the wave function is indeed properly normalized.

3. The probability density, Eq. (2), is symmetric about x = pt/m. Therefore, the
expectation value of the particle’s position is given by (see EXERCISE 3)

The expectation value of the particle’s momentum can be calculated as follows.

Since o 1
OW(a,t) _ {__ (x - p—t) +z‘9] W(a,1),
oz m

we have

w) =i | (2@ g,

0 Ox
=—i v —|x—= = | U
zh/_oo (z,t) { e (:zc m> +Zh] (z,t)
. 400 +00
= 03_(7712 i (m— %t) U (z,1)|? dz +p/oo |U(z,t)* dx .

The first integral in the last expression vanishes, as the integrand is an odd (anti-
symmetric) function of @ — pt/h. The second integral equals one in accordance with
the normalization condition satisfied by . Therefore,

(p) =0

An alternative (and quicker!) way to arrive at the same conclusion is to use the
definition of the mean momentum:

<m=m%?=m%(%>=p
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4. The uncertainty in position, Az, is calculated as follows:

(Az) = /_ T W () (2 — () Ul ) da

oo

+o0 t 2
:/ (a:—p—) U (2, )2 da
_oo m
/+OO x LANE e ! x Py’ dx
= - =) ———exp|-——— (2 —— :
o m) /mlalo P la|?02 m

Changing the integration variable to

we get
2 2 oo 2 2
I
@ = L [ e e = 2
VT
Taking into account that
ht |? nt o\’
2 .
=1 — 14 (=
o] ‘ +Zm02 + (maz) ’

we obtain

o At \ 2
Ar=-T 14 (22
VG +<m02)

To calculate the uncertainty in momentum, Ap, we start from the definition:

+oo
@W:/ U (2, 0) (p— (p))2 W (x, 1) da

JC:ooo o 2
= /_Oo U*(x,t) (_Zha_x —p) U(x,t)de.

Then,
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and
L0 2 . 0
—zh%—p U= —zh%—p —zh%—p v
h calcula?e?i above .
0 ih pt
= | —ih— — — —— | U
(Zh&c p) ao? (ﬂlj m)
10 I3 t
:Z—Q{—zhag(x—p—>\lf—p(x—p—)\ll}
Qo T m m
:ﬁ —ihV¥ —ih x—zit a—\I[—p x—]it v
ao? m /) Ox m
:Z—hQ{—ih\If—f-(fL’—p—t) (—mﬁ— )qf}
Qo m ox
calculat‘e’d above
zﬁ{—z’h\IIjL(w—zit ﬂ(a:—zit)\p}
ao? m ) ao? m
h2 h2 t\?
BT e (m—a) v
Hence,

2 e * . 0 ?
(Ap)* = v —zha— —p| Vdx
_ x

o0

B2 +oo B2 +00 ¢ 2
- = U de —— 4/ - ) WP de
ac? J_ oot J_ m
N s N ~~ J/
T (Aa)?
R R |al*o?
a2 a20t 2
22— o* h?
a 202
Finally, since
2—a" =a,
we arrive at
h

Ap

Vo

The product of the uncertainties in position and momentum is no smaller than
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Heisenberg’s threshold, //2. Indeed,

2 2
o ht h h ht h
AxAp = ——4/1 — ] — = —4/1 — ) > =.
Lap V2 + (mJQ) V2o 2 + (mo2) 2
At t = 0, our Gaussian wave packet represents a minimal-uncertainty state for which
AxAp = h/2.
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